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Abstract—The multilevel fast multipole moment method is em-
ployed to compute the electromagnetic coupling and shielding of
various aperture-coupled metallic enclosures. A phenomenological
study of electromagnetic coupling, due to various slot shapes and
sizes, with or without the presence of wire penetration is conducted.
These slots are situated on over-moded cavities and two methods
are proposed to mitigate slot coupling into the cavity’s interior. As
part of this work, we also investigate the coupling through similar
slots and apertures within a complex platform such as an automo-
bile. The proposed methods have shown to increase shielding by as
much as 5–35 dB within the frequency range of interest.

Index Terms—Automotive electromagnetic compatibility
(EMC), electromagnetic interference (EMI), method of moments
(MoM), multilevel fast multipole moment method (MLFMM),
numerical modeling, shielding methods.

I. INTRODUCTION

A PERTURES on surfaces of metallic enclosures often serve
ventilation purposes but their presence compromises the

integrity of the shielding enclosure. With the possible presence
of wire penetration into these cavities, the effects on shielding
and wire penetration must be taken into account in electromag-
netic compatibility (EMC) design. This is particularly important
when analog integrated amplifier circuits are present in cavities.
Often, cavity enclosures lead to amplification of the electromag-
netic (EM) coupled noise at the signal port, thus creating spu-
rious output waveforms.

In this paper, we present an analysis of overmoded slotted
cavities and realistic vehicular platforms using the multilevel
fast multipole moment method (MLFMM) algorithm [1]–[6]. A
significant part of the paper is concerned with the development
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of shielding techniques to mitigate cavity resonances. Previous
analysis in EMC have employed the finite-difference time-do-
main (FDTD) technique [7]–[9], the method of moments
(MoM) [10]–[12], the transmission-line model (TLM) method
[13], [14] and the finite–element method [14], [15]. While
FDTD can model a volumetric structure with rectangular cells,
it generates a large number of unknowns (memory usage) and
requires excessive computer time to solve. Alternatively, the
MoM requires a fine mesh near a narrow slot and may also
require large CPU time for multiple frequency points. To model
realistic structures, we employ the MLFMM in conjunction
with the MoM for multispectral frequency-domain calculations.
In recent years, MLFMM has been demonstrated to require
low memory and CPU requirements. The speed
up and memory reduction associated with using MLFMM over
standard MoM schemes have been shown to be 2 and 3 orders
of magnitude respectively for 1 million unknowns [2], [3].

As can be expected, the analysis of slots, either in isolation,
or in the presence of an enclosure, has been extensively studied
[16]–[19]. Some of these studies have focused on approximate
methods to estimate the coupling into the cavity interior but, in
general, exact methods concentrate on the analysis of slotted en-
closures mostly at lower frequencies (1 GHz). In contrast, the
focus of this paper is not on the analysis method, but rather on
the understanding of the coupling mechanisms into overmoded
cavities through various slot openings. The effect on EM cou-
pling and shielding due to penetration of wire traces through
apertures into the cavity interior is also investigated. A signif-
icant part of this paper focuses on relating the coupling char-
acteristic of isolated enclosed cavities to EM coupling in the
presence of a realistic automobile platform. This paper con-
cludes with the evaluation of two innovative approaches to in-
crease the shielding effectiveness of isolated cavities. Partic-
ular emphasis is placed on low-cost methods, potentially im-
plementable within a system such as an automobile.

II. PHENOMENOLOGICAL STUDY

A. Analysis Validation

As a first step, it is important to validate the analysis method
(see theAppendix for relevant formulation) and the pertinent
computer code for the class of geometries considered. Let us,
for example, consider a 30 12 30-cm rectangular cavity
(see insert in Fig. 1 and Fig. 3) whose surface has an aperture
of area 60 cm. A rectangular aperture 20 3 cm in size and a
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Fig. 1. Validation of the MLFMM analysis with measured data [7] and FDTD simulation for the rectangular aperture from 0.05 to 1 GHz.

Fig. 2. Validation of the MLFMM analysis with measured data [7] and the approximate first-order transmission line model [7] from 0.2 to 1 GHz.

circular aperture of 4.37-cm radius will be considered in com-
puting the coupled field at the center of the cavity due to an inci-
dent plane wave (incident normal to the surface of the aperture).
The actual quantities to be computed throughout the paper are
the electric-field shielding (EFS), the magnetic-field shielding
(MFS) factor or the relative stored electric energy, respectively,
given by

EFS dB (1)

MFS dB (2)

Ratio of Stored Electric Energy

dB (3)

Fig. 3. Geometry of the rectangular enclosed cavity with various aperture
sizes.

Here, refer to the total fields computed at the
calculation or measurement point inside of the cavity, whereas

refers to the incident field computed at the same
location in the absence of the object/cavity.

Fig. 1 shows the computed EFS for the rectangular aperture.
As seen, the MLFMM data are in good agreement with mea-
surements and simulations based on the FDTD method [7]. In
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Fig. 4. EFS response for various apertures on a 30� 12� 30-cm rectangular enclosed cavity.

Fig. 5. EFS response for various apertures on a 30� 12� 30-cm rectangular cavity.

Fig. 2, we show the calculations for a circular aperture situated
on the same cavity. Again, the MLFMM curve is in good agree-
ment with the measured data [7], but the calculations based on
the TLM (single mode approximation) deviate from measure-
ments by as much as 10 dB at frequencies away from 700 MHz.
The latter is the frequency where the first-cavity resonance oc-
curs, and this can be verified from Figs. 1 and 2. However, for
the rectangular slot in Fig. 1, the slot resonance at 750 MHz is
close to the cavity resonance and consequently, the EFS is very
poor within 500 to 900 MHz due to additional cavity–slot in-
teractions. It is important to note that near cavity resonances,
the EFS is as low as 20 dB implying a 20-dB increase from
the field intensity external to the cavity. That is, the cavity res-

onances serve to significantly increase the coupled fields even
through a small aperture and thus deteriorate the shielding per-
formance of the cavity.

For the computation of the EFS in these cavities and the other
following structures, the electric-field integral equation (EFIE)
as prescribed in the Appendix section is used. While the EFIE
exhibits some inaccuracy at the internal resonance of a com-
pletely enclosed cavity, the cavity used in these validation exam-
ples and in the following examples is not completely enclosed.
For completely enclosed structures, the combined-field integral
equation (CFIE) should be used for the analysis. Thus, the field
value computed by the EFIE for noncompletely enclosed struc-
tures like aperture perforated cavities is accurate even at the res-
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Fig. 6. Comparison of the EFS for a cavity with a rectangular slot (solid line); all possible cavity resonance frequencies are indicated with verticaldashed lines.

onance frequency and is compared to measurements and other
analysis methods as shown in Figs. 1 and 2. However, the con-
vergence of EFIE at the resonance of these cavities tends to be
slow. In addition, since surface integral equations are used for
the analysis methods, the surfaces of the structures are modeled
with infinitely thin perfectly electrical conducting elements.

B. Different Aperture Shapes and Sizes

Having validated the MLFMM analysis, we next proceed to
examine the EFS behavior of other apertures placed on the rect-
angular cavity (see diagram in Fig. 3). The purpose of this study
is to examine the role of aperture shape on coupling behavior.
Fig. 4 plots the EFS for a smaller (103-cm) rectangular aper-
ture and a 7.8 7.8-cm-square aperture excited with horizontal
polarization. The computed EFS results for the 203-cm aper-
ture are also shown for comparison.

We characteristically observe that the EFS curves vary sig-
nificantly as the aperture is changed. For example, as the res-
onance of the slot is moved from 750 MHz to 1.5 GHz (reso-
nance of the shorter slot), the EFS is no longer as poor around
500 to 900 MHz due to the cavity–slot interaction suppression.
The fundamental resonance excited with thepolarized inci-
dence at 700 MHz is associated with the TEmode. In com-
parison, for the square aperture with polarization, the EFS
is very good up to 1.3 GHz, where the higher order cavity mode
TE (third vertical line in Fig. 6) is excited beyond 1.35 GHz.
Obviously, for the polarized excitation, the TE mode is
suppressed and thus, low EFS does not occur till 1.35 GHz and
greater, where we observe the interaction of the square slot res-
onance and higher order cavity modes.

Additional EFS curves are given in Fig. 5 for a circular
(4.37-cm radius) and square (7.8 7.8-cm) aperture of the
same area as the 20 3-cm rectangular slot, all of which are
excited by the same polarized plane-wave incidence. The

circular and square slots of the same area are seen to have the
same EFS. However, the EFS of the circular and square slots is
much higher at lower frequencies as compared to the case of an
elongated rectangular slot of the same area. This is due to the
shifting of the slot resonance to higher frequencies and away
from the original slot resonance at 750 MHz. Thus, the former
slots give rise to worse EFS than the original slot at higher
frequencies where these slot resonances occur.

We surmise that the EFS is controlled by the cavity and aper-
ture resonances. By adjusting the aperture shape and size, one
can effectively control the low-frequency EFS characteristics.
However, as shown in Fig. 6 (where the EFS of the cavity is com-
pared with all its possible resonant frequencies) at higher fre-
quencies and typically beyond the second resonance, the higher
order modes are too closely packed and consequently, the EFS is
almost always poor unless loading is placed interior to the cavity
or at the aperture to lower the cavityfactor. We note that typi-
cally, the frequencies corresponding to significant EM coupling
coincide with the cavity resonances. This is also demonstrated
in Fig. 7 where the transmission data for a 61 25.4
61–cm cavity with a rectangular slot of 5.21 cm at the center
of one of its faces is shown. It can be seen that at the far field,
the horn antenna gives rise to an EFS (measured at the bottom
of the cavity), which varies over a 20–30-dB range for enclosed
cavities. If the cavity’s top cover is removed, the dynamic range
drops to 10–15 dB. This reduction is attributable to the removal
of modal effects which in turn lower the factor.

We conclude this section by commenting on the field distri-
bution within the cavity. So far, the EFS was calculated or mea-
sured at the cavity center. For these calculations to be relevant,
it is important that the EFS has a smooth variation across the
cavity. Fig. 8 shows the computed fields through the horizontal
plane in the middle of the cavity. As seen, the field variation
throughout the horizontal plane is quite consistent. That is, a
higher value at the center of the cavity implies that the entire
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Fig. 7. Characterization of multiple resonant locations in the overmoded regime of a 61� 25.4� 61-cm enclosed cavity with a 5.2� 1-cm elongated rectangular
slot with (a) the top cover on and (b) the top cover off.

Fig. 8. Spatial distribution of the EFS for various slot apertures; EFS is measured along the cavity length (dotted line along dotted plane) and the excitation is a
plane wave (at 1.5 GHz).

surface field map is shifted higher and this is demonstrated in
Fig. 8.

The effect on EFS for three different slot widths or thick-
nesses is shown in Fig. 9. Varying the width of the elongated
rectangular slot does not change the general EFS characteristics
significantly (computed at the cavity center) but does change
the factor of the response. This is attributed to the different
loading associated with the various slot widths. In general,
thinner slots tend to provide more shielding over a broad
frequency range but exhibit larger factors (dynamic range of
the peaks). Fig. 10 plots the stored electrical energy from (3) for
the different slot widths. Although thinner slots generate higher
EFS, they are associated with less electrical stored energy
within the cavity volume. Conversely, thicker slots degrade the

shielding performance of the enclosed cavity but increase the
stored energy within the cavity’s interior.

C. Wire Penetration Through Slots Into Cavity Enclosures

Often, wires and wire bundles are placed through slot open-
ings. Previous work in this area focused on formulating the in-
tegral equation for a wire through a slot on an infinite ground
plane [20]. In this section, we are concerned with wire radia-
tion when the wire is placed through a slot residing on a cavity
surface. To better understand the wire effects on EM coupling,
two different wire configurations are examined. Specifically, a
straight wire through a circular slot is considered and in another
case, a bent wire is placed through the slot. The straight wire is

long into the cavity, whereas the bent wire has an additional
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Fig. 9. EFS different rectangular slot widths.

Fig. 10. Effect of different slot widths on the stored electric energy ratio.

vertical arm which extends to the bottom of the cavity. For both
cases, these wires extend ( at 700 MHz) exterior to the
cavity.

The EFS for the above two wire configurations and for a cir-
cular aperture 60 cmin area is shown in Fig. 11 at 700 MHz.
Characteristically, both wires deteriorate the EFS at low fre-
quencies due to the excitation current brought by the wire into
the cavity. At higher frequencies, the EFS response of the cavity
is already low due to cavity resonances. However, the bent wire
configuration lowers the EFS further by as much as 10 dB over
certain bands. This is likely due to greater reradiation and the
more consistent current flow through the longer wire. As be-
fore, the excitation is a plane wave polarized in thedirection
and the EFS is computed at the center of the enclosed cavity.

Fig. 12 shows the stored electrical energy within the volume
of the enclosed cavity. The wire’s presence has a significant
effect on stored energy, particularly at lower frequencies where
the wire exhibits its resonance. The straight wire leads to higher
stored energy up to 1 GHz whereas the bent wire exhibits higher
stored energy from 1 to 2 GHz as shown in Figs. 11 and 12.
Beyond 2 GHz, all the curves are in close agreement, implying
that the wire shape is of less importance as the higher order

Fig. 11. Effect on EFS due to the two wire configurations with length�=2 (�
at 0.7 GHz) interior and exterior to the cavity as shown above.

Fig. 12. Ratio of stored energy for the two-wire configurations with length
�=2 (� at 0.7 GHz) interior and exterior to the cavity as shown above (see
Fig. 11).

cavity modes dominate the field behavior within the enclosed
cavity. Thus, the presence of wire elements through the slot has
a significant effect on EFS at the frequency range below and
near the lower order cavity modes.

The above studies clearly demonstrate that EM coupling into
metallic enclosures is primarily controlled by the resonant char-
acteristics of components comprising the structures (aperture,
cavity and wires artifacts) and interactions among these.

D. Presence of Metallic Objects Within Cavity

We close this section by also examining effects of metallic
artifacts or other objects placed within the original cavity. As an
example, consider the same 3012 30-cm cavity (Fig. 13)
where smaller perfectly conducting (PEC) rectangular boxes of
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Fig. 13. EFS response of an empty cavity as compared to the cavity enclosing: 1) a 10� 6� 10-cm PEC box; 2) a 5� 3� 5-cm PEC box (shown in dotted
lines).

sizes 10 6 10 cm, and 5 3 5 cm are placed within the
cavity. Such embedded enclosures are very typical and may rep-
resent a heatsink or an electronic housing. The EFS was again
computed at the center of the original cavity. In Fig. 13, we
also show the EFS associated with the empty cavity for compar-
ison. We observe that the enclosure brings additional resonances
into the lower frequency range and these serve to deteriorate the
cavity EFS. Such resonances correspond to the longer ray paths
associated with the multibounces among the boxes within the
cavity. Thus, larger factors may occur for larger metallic em-
bedded boxes.

III. EMC IN PRESENCE OFVEHICULAR PLATFORM

Previous studies of EMC related to vehicular platforms have
primarily focused on computing far-field antenna patterns for
several antenna locations on automobiles using simplistic rect-
angular structures [21], [22]. On the other hand, near field EMC
measurements on automobile platforms have focused on em-
pirical experimentation and simplistic modeling [23]–[25]. In
this section, we apply MLFMM analysis with curved surface
elements to accurately model complex and realistic large-scale
automobile platform. Specifically, we evaluate the near fields
along various locations of a typical vehicle such as the General
Motors GrandAM. These evaluations are useful since wire har-
nesses within an automobile can pickup and propagate induced
spurious waveforms from ambient radiation. In addition, the
propagation of these spurious waveforms to electronics pack-
ages poses a challenge to the proper functionality of the elec-
tronic device. We remark that such electronics packages are in-

Fig. 14. Geometry of a realistic automobile platform (General Motors
Grandam).

creasingly found on other platforms such as airplanes, where the
proper functionality of these devices is extremely critical.

Fig. 14 presents the geometry and mesh structure consisting
of quadrilateral biquadratic curvilinear elements for a typical
automobile. The total length of the structure is 4.736 m, the
width is about 1.75 m, while the height (from roof to power
train) is about 1.1 m. At 1.475 GHz, 38 980 unknowns were used
to grid the structure and the MLFMM required about 450 MB
and 24 287 s of CPU time on a single SGI workstation. Using
the surface currents on the curved PEC elements, the EFS at var-
ious locations within the car chassis were calculated for various
plane-wave illuminations and specific antenna locations.

The EFS plots were evaluated for two lines (dotted and
dot-dash lines in Fig. 15) within a plane of points (shown by
dot-dot-dash lines in Fig. 15) in the passenger compartment.
These curves show that the EFS is lowest in the rear of the
passenger compartment for rear incidence. Also, the EFS is
lowest in the front passenger compartment for front incidence.
This behavior is attributed to the shadowing of the rear (front)
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Fig. 15. EFS evaluated at two lines (dotted and dash-dot) along a plane within the passenger compartment of the car chassis for front, back, and side plane-wave
incidence.

Fig. 16. EFS response evaluated within the engine compartment: radiation is due to a crossed magnetic dipole antenna through a slot resonant at 0.7 GHzon the
car’s dashboard.

section of the compartment for rear (front) incidence and
to multibounces from the vertical panels of the illuminated
sections as well as apertures residing on these panels. We
note that the EFS is relatively higher for side incidence due
to nonresonating apertures along the side of the automobile
at 1.475 GHz. The correspondence between these results and
that of apertures in an isolated enclosed cavity (see previous
section) is quite apparent.

Next, we investigate the case of antenna to slot coupling on
the same automobile platform. Our goal is to observe the ef-

fect of slot resonances on EFS and compare the results to those
of isolated cavities. The antenna excitation is placed at the rear
center of the automobile and is modeled as a pair of crossed
magnetic dipoles with orthogonal phase current feeding to gen-
erate a circularly polarized field. A rectangular slot resonating at
0.7 GHz is also placed at the front dashboard of the car. Fig. 16
illustrates the computed EFS in the engine compartment of the
automobile at 0.7 GHz (the 1st resonant frequency of the slot)
and at 1.1 GHz (where the slot is nonresonant). Clearly, when
the antenna is operating at the slot resonance (0.7 GHz), the cou-
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Fig. 17. EFS response of two shielding techniques: shielding wires (approach 3) and plate shadowing (approach 4).

pling into the engine compartment is much stronger (as much as
10 dB), degrading the shielding as compared to the case when
the antenna is operating at 1.1 GHz. The correspondence be-
tween this case and that of apertures in an enclosed cavity can
still be observed even though the automobile’s engine compart-
ment is very much an open structure.

IV. COUPLING MITIGATION TECHNIQUES

In the previous sections, we demonstrated that coupling of
slots and other geometries into cavities poses a challenge to
the proper functionality of electronics housed within the geom-
etry. It is thus desirable to increase the shielding of an enclosed
cavity, without compromising the aperture’s ventilation. This
can be done by employing some material loading across the slot
or lossy material loading within the cavity. However, this is not
a viable option if the slot is used for ventilation and it is further a
more costly alternative. In this paper, we consider slot shielding
approaches to increase the EFS subject to the following con-
straints: 1) maintain the same or greater aperture ventilation
area; 2) low-cost modification without use of nonmetallic ma-
terials.

Several slot shielding approaches were considered using our
MLFMM analysis [1]–[6]. As noted earlier, several studies
have been carried out for slotted structures [16]–[18]. However,
these studies have primarily focused at lower frequencies (1
GHz). Our emphasis here is on the development of broadband
shielding techniques addressing the suppression of the induced
signal even when the slot and cavity resonances are close
to each other (worst case). Among the low-cost shielding
approaches considered are: 1) use of a short waveguide section
behind the slot with a cut-off frequency above the slot/cavity
resonance; 2) use of a short tortuous waveguide sections in
front/behind the slot; 3) use of a wire array across the slot to
attenuate and perturb slot resonances; 4) use of plate shielding
(slot shadowing) with side apertures maintaining the same

ventilation area as the original slot. Among these methods,
method 1) was effective only if the waveguide section was
greater than in length, making it impractical for our
purposes. Further, method 2) did not improve shielding as the
tortuous waveguide still allowed significant leakage near the
modal cavity resonances. In contrast, the latter two shielding
methods were found to be more useful over a larger bandwidth.

The EFS responses for the latter two shielding approaches,
methods 3) and 4) used for the same rectangular slot is shown in
Fig. 17. As seen, using 11 or more shielding wires at a distance
of 3 cm from the slot face improves the shielding performance
by as much as 5 to 25 dB over a broad frequency range. How-
ever, at the resonance around 0.7 GHz, the EFS continues to be
low but over a very narrow frequency range. To increase the EFS
at this frequency range, we considered method 4),viz. that of
using a shielding plate behind or in front of the slot as shown to
the right of Fig. 17. To ensure that ventilation is maintained, the
total aperture area of the double slot shadowing method is kept
the same to the original 20 3-cm elongated rectangular slot.
As can be seen, this shadowing has further improved shielding.
Moreover, it narrowed the EFS dip at the cavity resonance. In
effect, the shadowing plate [method 4)] improved the EFS by
5–35 dB over the entire bandwidth considered here. Both of the
latter shielding methods also served to shift the slot resonance
away from the cavity resonance. Nevertheless, when operating
at cavity resonances, coupling into the cavity will occur due to
any aperture opening. Specifically, the dip in EFS for the latter
two shielding methods is over a very narrow range of frequen-
cies. In addition, the shielding wires and the slot shadowing has
loaded the cavity with some reactive impedance, shifting the res-
onant frequency of the cavity slightly away from 0.7 GHz.

In Fig. 18, we show the EFS dependence on the distance ()
between the slot and the wire array or shielding plate. We ob-
serve that the EFS improves by about 3 dB when cm
as compared to larger values of . Beyond cm, the
shielding effectiveness no longer improves significantly. For the
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Fig. 18. Effect of varying the distance�Z of the shielding wires (10 wires) and slot shadowing plate from the slot’s surface.

shadowing plate case, the optimum value of was around 5
cm. From Fig. 18, we also note that this optimized value of
provides the best overall EFS performance, especially at lower
frequencies prior to the excitation of the lowest cavity mode and
reasonably good shielding above the cavity resonance. Again,
as before, the array of shielding wires and the slot shadowing
loads the cavity differently with different values of , shifting
the fundamental cavity resonant frequency slightly away from
0.7 GHz.

As a general guideline, shielding increases as more wires are
placed across the aperture. However, the degree of shielding im-
provement reaches diminishing returns. The degree of shielding
improvement also depends on the distance () of shielding
wires from the slot surface. The optimal numbers of wires and
the distance have been prescribed in the previous paragraph.
For the considered slot, the largest shielding improvement is
optimal when cm from the slot surface. It should be
noted however, that the wire array or the employed slot shad-
owing technique may slightly detune the cavity enclosure and
this should be factored in the design of the cavity enclosure.

V. SUMMARY AND CONCLUSIONS

In this paper, we presented an extensive study of the cou-
pling through various slots situated either on isolated rectan-
gular boxes or on complicated platforms such as an automo-
bile. Various slot shapes were examined over a broad frequency
range. The presence of wires through slots was considered and
techniques were introduced to improve the shielding effectives
of slot openings without compromising the ventilation area. The
following is a summary of this study’s conclusions.

1) Coupling through slot opening on enclosed structures is pri-
marily controlled by the resonances of the slot openings, the
cavity itself and any substructures within the enclosure. This
observation is used in subsequent work to develop simple

but accurate models for coupling into enclosures through
any arbitrary shape slot.

2) The shielding effectiveness deteriorates significantly near
the structure or substructure resonances and in fact, the in-
terior field can be as much as 20–30 dB higher within the
enclosure as compared to the exterior ambient environment.

3) Slots situated in a vehicle can decrease the EFS by as much
as 10 dB or more when an ambient illumination is operating
at the resonating frequency of the slot

4) The presence of wires through slots causes deterioration of
the EFS at lower frequencies and certainly at the resonant
frequencies of these wires. The effect is further compounded
when the resonant frequency of the wire coincides with the
resonant frequency of the cavity.

5) For external plane-wave incidence, the EFS within the in-
terior passenger compartment of a vehicle can vary over a
10–15-dB range. This is primarily due to multiple reflec-
tions between the vertical panels of the vehicle and the pres-
ence of radiating/resonant apertures on these panels.

6) The shielding of aperture openings on cavities can be im-
proved by using an array of shielding wires at a distance of

cm in front of the aperture. This yields a 5–25-dB
improvement in shielding with a very narrow dip in perfor-
mance only at the resonance of the cavity.

7) The placement of a shielding plate in front of the slot
provided the best shielding performance while maintaining
the same ventilation area. This method yields as much as
5–35-dB shielding improvement by placing the plate at

cm in front of the slot.

APPENDIX

GENERAL FORMULATION FOR MLFMM

The EFIE for a PEC object can be written as

(A1)
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where represents the surface currents,is the unit vector
tangent to the surface of the PEC, is the incident electric
field, denotes the free space impedance andrefers to
the wavenumber. Alternatively, one could employ the mag-
netic-field integral equation (MFIE)

(A2)

valid for closed structures. In both (A1) and (A2),
is a vector from the source to the observation pointand the
parameter , where is the exterior solid angle
subtended by the pair of quadrilateral patches at their junction.
For points away from the surface of the conducting surface, (A2)
and (A1) are modified as follows:

(A3)

(A4)

where and denote the scattered fields away from
the conducting surface. The unknown currents in (A1) can
be solved using the standard MoM technique by expanding the
current as a sum of known basis functions , viz.,

(A5)

Substituting this expansion in the EFIE (A1) yields

(A6)

where denotes the vector tangent to the surfaceare the un-
known coefficients to be found by solving (A6). These unknown
coefficients of the current expansion are found via Galerkin’s
method leading to the linear system of equations

(A7)

(A8)

(A9)

Fig. 19. Geometrical representation of the biquadratic curvilinear quad patch
element (pair of connected patches is shown).

where is the employed testing function. For Galerkin’s
testing, this function is set equal to the basis functions .

When employing the MLFMM, a spherical (multipole) wave
expansion of the free-space Green’s function for carrying out
the matrix-vector products in an iterative solution of the linear
system (A7). The associated details of the implementation are
given in the literature [3]–[5]. The multilevel aspect of the
MLFMM algorithm is implemented using a multilevel nested
group strategy and clustering of the basis functions with the
means algorithm [26]. Typically, the conjugate gradient squared
iterative method is used to solve for . In addition, for fast
multispectral analysis, the solution of the previous frequency
point is used as the starting iterate for the next frequency point.

Of particular importance in our implementation is the use of
curvilinear elements to discretize the geometry surfaces [6]–[9].
This increases the accuracy of modeling curved surface geome-
tries and alleviates the need for higher spatial sampling. In our
case, curved quadrilateral biquadratic surface elements are used
to model complicated geometries. A quadrilateral biquadratic
surface patch (Fig. 19) is defined by nine node points in terms
of two mathematical parametersand

and

(A10)
The coefficients are determined from the relation ,

, , , where , , is the distance to
a particular node point on the patch (see dots in Fig. 19) from
the defined origin. Each curved surface patch element pair sup-
ports a curved rooftop basis function with each edge of the patch
supporting one half of the curved basis function. Thus, four
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edge-based rooftop basis functions are used to represent the cur-
rent density on a curved patch and these are given by

(A11)

where is the determinant of the metric tensor given by (A10)
and and are the two principle tangent vectors on the sur-
face of the curved patch element in theand axis, respec-
tively. The basis represents one half of the basis function

whereas represents the other half of the basis function in

(A5) along the axis. Similarly, and represent the re-
spective one half of the basis function in (A5) along theaxis
(see Fig. 19). The superscripts of the node points in Fig. 19 refer
to the quad patch element number whereas the subscripts refer
to the points of the patch. For two neighboring patches
with continuous current flow along a common edge, the corre-
sponding nodes along the common edge must be the same to
both patches.

The presence of in (A11) further serves as a normalization
factor and ensures that the current continuity boundary condi-
tion is satisfied across neighboring patches.
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