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1 Intro duction

This report documerts a few useful equationsfrom probability theory for RFI de-
tection studies. The goalis to analyzeexpectedbehaviors of various signal statistics
when there is no RFI preset, i.e. whenthe incoming noise eld is truly Gaussian.
By understandingthesestatistics, reasonablehresholdscan be deweloped for declar-
ing RFI detection. A review of tests for Gaussianily is also provided, along with
information on tests that have beenproposedin the literature.

Throughout this analysis, the starting point is a zero-meanGaussianrandom
variable Z with standard deviation % A set of independert samplesof this random
variable is alsodenotedas Z,,, with n the index of a particular sample. For practical
purposesZ could represemn the incoming thermal noise eld received by a radiometer
receiwer pre-detection. For samplesof this eld to beindependen, the samplesshould
be taken no faster than the Nyquist rate of the receiver bandwidth. The analysisto
follow also assumegerfect sampling, i.e. there is no nite precisionin the sampling
process.Although this is not completely accuratefor a true sampling receiwer, these
results should sere as bendimarks for comparisonin appropriate cases.

Also consideredis a random variable Y de ned as a function of Z (typically Z¥
with k even), along with its samplesY; and statistics of sumsof Y;. The latter could
represem for examplepost-detectionintegrated power or integrated fourth momens.
The discrete sums consideredare appropriate for sampled datasets, but could also
reasonablymodel analogdata streams. For analogdata, the number of samplepoints
in a sum could be represeted by the reduction in bandwidth betweenthe signal
beforeand after integration.

The next sectionreviewssomebasic probability equationsutilized in later deriva-
tions. The following section then considerssingle sample statistics of Z¥, followed
by integrated secondand fourth momerts in Section4. Section5 then considersa
double-detectionsystem, in which someintegration of detected power is performed
beforea seconddetection occurs. Section6 discusseshe generalarea of testing for

Gaussianit, and reviews three tests in particular that have been proposedin the



literature. This nal sectionhasthe most immediate practical import for studies of

RFI mitigation.
2 Basic probabilit y equations

2.1 De nitions

Considera random variable ®. The probability density function (pdf) of this random

variable is denotedasf (®,), and satis es
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wherethe latter equation describesthe probability that ® takeson valueslessthan
®y, also known as the cumulative distribution function (cdf) of ® Note from this
de nition, the pdf can be obtained by di®eretiating the cdf.

Momerts of ® are obtained from
Z
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wherethe E[§ notation denotesthe expected value operator. The mean operator is

de ned as E[®)] while the standard deviation of ® is de ned as

a
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©
std(® = E[®]; (E[®]) (4)

The characteristic function of ® is denotedas©g(! ), and is the Fourier transform

of the pdf of ®:
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where U(®) is a unit step function, and is included in the nal equation to help

reducethe singular behavior near! = 0.



An expansionof the characteristic function in a power seriesyields
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2.2 Functions of a random variable

If a new random variable — is de ned as G(®), it is possibleto nd the pdf of by
st nding the cdf of —, then di®eretiating. If the inverseof G (written asGi 1) is
unique, this processresultsin

¢dG' *("o)

(o) = fa'G (o) (10)

If Gi ! is not unique, there are modi cations to this result. When G(®) = ®* where
k is aninteger, G' ! is typically not unique;the evertual result usually is to multiply

equation (10) by 2.

2.3 Sums of random variables

Considera set of random variables®;, ®,, ¢¢¢, ®, all independen and having the
sameprobability density function (i.e. independen, identically distributed random

variables). De ne a new random variable as

=A &, (11)

whereA is a constart; choosingA = 1=N resultsin  being the mean of the set.
In generalit is not easyto directly determinethe pdf of . Howewer the charac-

teristic function  is easilyfound to be

©() = E[ ] (12)
— E[ei! A®1ei! A®> ¢¢¢el' A®N] (13)
= [©e(! A" (14)

wherethe nal equation follows due to the independenceand idertical distributions

of the set. The pdf of ~ canthen be obtained through an inverseFourier transform.
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Typically analytical forms for this inversetransform are not available, but the pdf
can be evaluated numerically if necessary
Momerts of  can be found through power seriesexpansionof the characteristic

function. A few important results are

E[[] = NAE[® (15)
E[?] = NAZiE[®2]+ (N j 1)E[®]2¢ (16)
std(7) = AP N std(®) (17)

If we chooseA = 1=\, then represems an estimate of the mean of a set of
sampleddata. From the above equations,the expected value of is then the true
meanof ® (E[®)]). The standard deviation of the estimate is the standard deviation
of ® divided by P N, sothat the variability of the estimated meandecreasesis more
independent samplesareincluded. However, knowledgeof the pdf and cdf of remain
useful if available in order to specify the probability of observingspeci ¢ deviations
from the expectedmeanvalue.

Finally, the certral limit theorem establishesthat the pdf of =~ ewertually will
approad a Gaussiandistribution (with the samemeanand standard deviation as )
asN becomedargefor all casesof practical interest here. Howewer for small valuesof

N, the distribution of may be signi cantly di®eren from a Gaussiandistribution.

3 Functions of a single sample of a Gaussian ran-
dom variable

Considerrandom variable Z to be a zero-meanGaussianrandom variable with stan-
dard deviation ¥ Z will be utilized to represem this random variable throughout the
remainder of this documert. Here properties of functions of a single sample of this
random variable are considered.

First the pdf of Z is

1 | Z3
f2(Zo) = ;49?1/49' 22 (18)



and the cdf of Z is

3 h i

Fo(Zo)= 5 1+ et (Zoi EIZD 29) (19

for Zo i E[Z]> O, where 7 _
erf[ ] = 192? dte ¥ (20)

/4 0

is the error function. Although hereit is assumedthat E[Z] = 0, the mean shift is
included above for later convenience.

Momerts of Z are given by
E[zX]= (kj 1Nk (21)

when k is ewen, zero otherwise. Here the double factorial notation is de ned as
(ki D= (ki D(kij 3)cce(d).

3.1 Linear function of Z

First considera simplelinear scalingofZ,Y = AZ j B, whereA andB areconstans.

The pdf is then

1
fr(Yo) = 2fz((Yo+ B)=A) (22)
and the momerts are
XKk M K T M Bﬂki n
E[Y¥] = AK n DT o EZN] (23)
n=0

wherethe binomial coexcients are

= (24)

3.2 Y,=2?

Next considerY, = Z2, which could represen the detectedpower beforeany integra-
tion. Using a doubled version of equation (10), the pdf for Yo > O is

. Yo
e 22

1 ;
fv,(Yo) = ﬁ-p: (25)
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which is a scaledone degreeof freedom\chi-squared" pdf. For Y, < 0, the pdf is

zero. The correspnding cdf for Yo > O is
H 1

1 Yo 1
Fv,(Yo) = P=° === 2
v:(Yo) Y, 292’2 (26)
where a
°(x;n) = dt t"i leit (27)

0
is the incomplete Gamma function.

The characteristic function of Y, = Z2 can be found analytically as

Oy,(1)= (1 2! %) =2 (28)
by using an integral table [1].
33 Ys=23
In this case,the pdf is -

= g @9)

3% 24 Yo%
and the correspnding cdf is

A A I
1

- 1, Y™ 1
o) =5 ISPy T

(30)

wherethe plus signis usedfor Yy > 0andthe minussignfor Yo < 0. The characteristic

function of Y; is not easyto obtain analytically.

34 Y4=24

Finally considerY, = Z#, which represems the signal fourth momen before any

integration. Again using a doubled versionof equation (10), the pdf for Yo > O is

Pes

(v = & (31)
0 e v
For Yy < 0, the pdf is zero. The correspnding cdf for Yo > 0 is
up- 1
_ ko Yol
F(Y0) = B3 5775 (32)
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The characteristic function of Y, = Z# can also be found analytically using ([1],

i Ty
Oy, (1) = 'é%/‘le'l/“zgpl?exp - (33)

3234 1 3234
whereH ), represetts the Hankel function of the secondkind of order 1=4. This can

alsobe written in a power seriesexpansionas

)4 in! n3/4n
O (') = -

n=0

(4 1! (34)

3.5 Mean and standard deviation of Ys, Y3, and Y,
For Y,, Y3, and Y,, momerts can be found as
E[Y]= (klj 1) (35)

when Kkl is even, and are zero otherwise, as should be expected from equation (21).

Use of this result providesfor k even,

E[V] = ¥ (kj 1N (36)
std(Yy) = %‘©(2ki D (ki P TP (37)
and in particular
E[Y.] = % (38)
E[Ys] = O (39)
E[Ys = 3% (40)
std(Y,) = pé% (41)
std(Ys) = P I5 (42)
std(Ys) = P 6% (43)

3.6 Complex data

In the Ohio State receiwer, the incoming data undergaesan I/Q corversionand dec-

imation, sothat it evertually is obtained as a complex datastream,3 = Z; + iZ,,



whereZ; and Z, are two independen, identically distributed Gaussiansamples.eat
have meanzeroand standard deviation % To obtain the incoming power, we compute
D = j3j?, which can be shavn to have the pdf:

M D 1

1
fo(Do) = 55 exp i ﬁ

292 (44)

for Do > O; this is a scaledexponertial pdf. The correspnding cdf is particularly

simple u 5 T
_ 1. . Yo
Fo(Do) = 1i exp i Y (45)
for Do > 0, and zerootherwise. The characteristic function is
@)= (46)
(i i 23%)
Momerts are found to be
E[D™] = 2% m! (47)
In particular,
E[D] = 2% (48)
std(D) = 2% (49)

4 Integrated second and fourth moments
4.1 Second moments

Now considera set of samplesof Z (Z4, Z,, ¢¢¢, Zy). First examinea new random

variable proportional to the integrated power
Xo=A Z2=A Yy (50)

wherethe random variable Y, de ned in the previoussectionis used.

According to equation (14), the characteristic function of X, is

Ox,(1) = [Ov,( A]" (51)

. ¢ ~
'17 20 Ay2 N (52)
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This can be inversetransformed using ([1], p. 365)to nd the pdf of X, as

1 X Nia

fx,(Xo) = i(N=2)(2AYA)N- = exp(i 2A—'°74’-)X ’

(53)

which is a scaledchi-squareddistribution with N degree®f freedom. Power integrated
over N samplesshould follow this distribution, and again will approad a Gaussian

distribution for N large. The correspnding cdf for Xo > 0O is
i on - N ¢
F X — 2AY2 2 4
Xz( 0) (N_2) (5 )
At this point it is corveniert to review a few properties of the Gamma function;

herem represems an integer and x an arbitrary real number or integer:

Z,
i(m) = dttMilelt= (mj 1) (55)
0
p_i(X) = (xi Di(xi 1) (56)
i(m=2)= Z(Tll/;z (mj 2)!I for m odd (57)
i(m=2) = (% i 1)! for m even (58)

All momerts of X, can be found from the pdf as

E[XX] = i23/3A¢k % (59)
In particular,
E[X,] = ZVEA% AN ¥% (60)
E[X3] = 43/4A4'([5|?’_\|72_;)2) - A% Nz N (61)
std(Xz) = A N (62)

Theseresults could also be obtained from equations(15)-(17). With A = 1=N these

become
E[Xz] = % (63)
E[X2] = :%‘(1+ 2=N) (64)
std(X,) = pﬁi% (65)
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Figure 1. Plots of X, CDF

Figure 1 plots oneminus the X, cdf, with N asa parameter, versusvaluesrepre-
serted in terms of number of standard deviations above the mean. This gure canbe
usefulfor assessinghe likelihood of exceedinga given X , value, under the assumption

that the input data is Gaussian.

4.2 Integrated power for complex data

Becausethe power in a complex datastream is similar to a sum of the power of
two samplesfor a real datastream, the single samplecomplexdata pdf from Section
3 is also a chi-square distribution, but with two degreesof freedom (which is an
exponertial pdf). Thereforethe integrated power for N ® samplesof complexdata can
be obtained from equation (53), replacing N with 2N ¢ if mean values are desired

A = 1=N%should be used. The correspnding momerts, etc. can be found similarly.
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4.3 Fourth moments

Now examinea new random variable proportional to the integrated fourth momens:

X X
Xo=A Z3=A Yy (66)

n=1 n=1
wherethe random variable Y, de ned in a previoussectionis used.

According to equation (14), the characteristic function of X4 is

Ox, (1) = [ov( A" (67)

where®©y, is givenin equation (33). Howewer an analytical inversetransform of ©y,
is not available. If desired,the pdf and cdf of X, can be obtained numerically using
an inversetransform of equations (67) and (7) along with equation (33). Fourth
momerns integrated over N samplesshould follow this distribution, and again will
approat a Gaussiandistribution for N large. The histogram approad utilized in
the Univ. of Michigan system performs an operation similar to that described here;
computation of fourth momerns following a binning procedurestill represes a sum
of fourth momens over many samples. If there is no lossof information due to bin
placemen, then the developmer preserted here should apply.

Using equations(15)-(17), the meanand standard deviation of X 4 can be deter-

mined as

E[X.] 3N A4 (68)
p

std(X 4) Lo’ N (69)

For A = 1=N (implying that X4 is an estimate of the meanfourth momert),

E[X4 = 3% (70)
4p6
std(X,4) = pﬁ%‘ (71)

sothat the estimator again has a variability that decreasess P N. Theseequations
can be useful for establishingthe level of variability to be expectedwhen estimating
the fourth momert of Gaussiannoise. However other estimatesof the variability of
sample measuresof skewnessand kurtosis in Section 6 are likely of more practical

use.
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5 Double detected datasets

In this casebegin with the random variable X, of the previous section, which is
proportional to the power integrated over N samples. In the NASA GSFC RFI
mitigating radiometer, this output is passedthrough a seconddetection operation in
order to obsene fourth momerts of the noisesignal.

De ning W = X2 for a single sample(no integration following the seconddetec-

tion), equation (10) providesfor Wy > 0

1 N=ai 1 Lo
fw (Wp) = — W, e 2anz 72
w (Wo) 2i(N=2) (2A%2)N=2 ° (72)

The correspnding cdf for Wy > 0 is 5

o PWo.nN

2AY2 2
l:W (WO) - W (73)
The characteristic function of W is not easily obtained analytically.
It is possibleto obtain all momerts of W as
i Cu i( N=2+ 2k)
K] = | 32 72K I(
E[W"] = 2A¥% TN (74)
In particular,
EW] = AZZ(N)(N + 2) (75)
- Y
std(W) = 2Io 2A%% (N + 3)(N + 2)N (76)

Again with A = 1=N we obtained a (biased) estimator of ¥4 as N becomeslarge,
with a variability proportional to 1:p N.

If we integrate the output of the seconddetector, we obtain an additional random
variable

V=8B W, (77)
p=1
whereB is anewconstart. Again it is not easyto determineany analytical resultsfor

the pdf or characteristic function of this quartity. Howewer the mean and standard

deviation are

E[V] PBA%¥(N?+ 2N) (78)

std(V) P PBstd(W) (79)
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and properties with integration in P are similar to thosein N.

6 Testing for Gaussianit y

The subject of testing whethera sampleof data is drawn from a Gaussiandistribution
hasbeenstudied extensiwely in the statistical literature [2]-[13. Numeroustests have
been proposed, and their performancecomparedin seweral computational studies.
This subject falls within the category of \goodnessof t" testsin statistics, as well
as in the area of \hypothesistesting." A brief review of the problem formulation
is provided here in order to relate RFI testing for Gaussianiy to the appropriate

statistical literature.

6.1 Formulation and de nitions

For areceiver measuringa datasetof incoming elds, we obtain a nite sized\sample"
of data upon which a statistical test can be performed. The statistical \sample size"
refersto the number of datapoints in this set. The statistical test beginswith a \n ull
hypothesis” that \this data represeis a set of independen, identically distributed
Gaussiansamples". The test is then utilized to acceptor reject this null hypothesis.
The test is typically expressedn terms of the value of a single statistic computed
from the dataset, which is then comparedto a threshold value for that statistic.
Rejection or acceptanceof the null hypothesisis determined by the relationship be-
tweenthe obtained test statistic and the speci ed threshold value. This sort of test is
called an \omnibus" test due to the form of the hypothesis;this hypothesisis alsoa
\composite" rather than \simple" hypothesis,becausehe meanand variance of the
null distribution are not speci ed in the hypothesis. Other \directional" testsinvolve
hypotheseghat specify a particular behavior of a test statistic, e.g. \the skewnesof
the measureddata is larger than that of a normal distribution”. Only omnibustests
are consideredhere.

There are four possibleoutcomesfor an omnibustest, which arise from two alter-

nativesregardingthe data input to the test:
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2 |If the input data is truly Gaussian,

{ the test may correctly acceptthe null hypothesis,or

{ the test may incorrectly reject the null hypothesis. This type of error is
called \t ype I" in the statistical literature, and is also typically called a

\false alarm™ in the engineeringliterature.
2 If the input data is not truly Gaussian,

{ the test may correctly reject the null hypothesis,or

{ the test may incorrectly acceptthe null hypothesis. This type of error is
called\t ype II" in the statistical literature, and is alsotypically called a
\missed detection” in the engineeringliterature. One minus the type Il
error is called the \p ower" of the test, or the probability of detection in

the engineeringliterature.

Note in the rst case,it is typically possibleto computethe probability of a type
| error (false alarm) for a given threshold value due to the fact that the input data
in this caseis Gaussian. All that is required is to compute or estimate the cdf of
the test statistic under the assumptionof Gaussianinput data, then evaluate this cdf
at the threshold value. In the statistical literature, the probability of a type | error
assumingall data is truly Gaussianis called the \signi cance" of the test. Typical
choicesfor signi cancerangefrom falsealarm probabilities of 1%to 10%. Of courseit
is possibleto obtain a 0% probability of falsealarms simply by always acceptingthe
null hypothesis;howeer the type Il error in this casewill be high sincenon-Gaussian
data will never be declared.

In many casesijt is ditcult to obtain the exact cdf of a test statistic for an arbi-
trary samplesize;howewer it is possibleto estimate the cdf in the limit of very large
samplesizes,and this is the cdf usedin assiating a signi cance value with a given
threshold. Howeer, if the samplesizeis not suzciently large, the estimated signi -
canceis incorrect, as can be veri ed through Monte Carlo simulations. In this case,

the test is said to be incorrectly \sized", which meansthat the planned signi cance

15



of the test for a given threshold was not achieved. Recernt works recommendMonte
Carlo simulations for smallersamplesizesin assigningsigni cancevalues,rather than
the large samplecdf limit. Sud methods are called\size corrections”. For RFI stud-
iesusing large numbersof digital samplesiit is likely that the large samplelimits are
reasonable.

It is not possibleto estimatethe type Il error in the secondcasesincethe distri-
bution of the input data is not speci ed, other than being non-Gaussian. However
Monte Carlo studies have been performed for numerousalternative distributions in

the literature to comparevarious tests (see[6], for example).

6.2 ROC curves

In the engineeringliterature, it is also common to discusshypothesis testing (or
\detector") results in terms of a \receiver operating characteristic' (ROC) curve.
Thesecurvesare plots of the probability of detection (or one minus the type Il error
probability) versusthe probability of a false alarm, as the test threshold value is
varied. Clearly there are limits in the ROC curve of zero probability of falsealarms
but also zero probability of detection (always accepting the null hypothesis), and
100% probability of detection but a 100% chance of false alarms (always rejecting
the null hypothesis). Thesecurvescan be generatedfrom Monte Carlo proceduresif
the distribution and rate of occurrenceof non-Gaussianinput data is speci ed. Sud
curvescan be of assistancan determining reasonabletest threshold valuesaswell as
in comparingthe performanceof varioustests, if someinformation on the alternative

distribution is available.

6.3 Specic tests of normalit y

Testsof Gaussianiy usingthird and fourth momerts of a sampleweredescritedin the
1930's[3]-[4]. Other tests suth asthe \chi-square” [6], \Komolgorov-Smirnov" (KS)
[6], and \Shapiro-Wilks" tests are also available. This latter set requiresknowledge
of the complete sample simultaneously and therefore does not appear optimal for

implemertation in digital hardware. The \chi-square” and KS tests additionally
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require synthesizingGaussianpdf or cdf valuesin orderto comparewith obsenations,
again which may not be practical in hardware. Howewer the \Shapiro-Wilks" test
appearsto be the start-of-the-art omnibus test most currently recommendedgso its
performancein caseswherethe ertire datasetis available (i.e. when completedata
histograms are available) may be worth exploring. This test is basedon a set of
tabulated coezxcients, as well as\order statistics” of the dataset. Order statistics
involve taking the data sampleand sorting it into an orderedset. Though this seems
dixcult for hardware, if the performancewere found to exceedthat of other tests,
hardware implemertations of suc an algorithm could perhapsbe formulated using
small samplesizesthen integrating the test results. A form of the Shapiro-Wilks test
for large samplesizesis provided in [7].
Giventheseissuesjmmediate further considerationis givento testsinvolving data

third and fourth momerts formulated in terms of the b, and b, statistics:

P — m
h = — (80)
m;
- M
wherefor q> 1
1 X
mg= o (Xai my)f (82)
n=1

and m; is the samplemean. In the limit of large samplesize,it hasbeenshown [2]
that P b, is distributed asa Gaussianrandom variable with zeromeanand standard
deviation 6=N, while b 3isdistributed asa Gaussianrandom variable with mean
P —— - .
zeroand standard deviation 24N . Thus we can formulate a statistical test using
p__
b, as

2 |f jIO byj > W, reject the null hypothesis
2 Otherwise accept

with the threshold p chosento setthe signi cancefrom the Gaussiancdf with standard

deviation " 6. Similarly for b,
2 If jbp i 3> W rejectthe null hypothesis

17



2 QOtherwise accept

with p chosento set the signi cance using the Gaussiancdf (equation (19)) with
standard deviation P 24-N.

In the caseof a thermal noise eld including RFI cortributions, it seemslausible,
at least in the caseof pulsed RFI, that the incoming distribution should exhibit a
positive skewness.Thereforethe P b, test may prove useful. However more cortinuous
RFI would not necessarilyproduce a skewed incoming eld distribution, and the
fourth momert test may be preferable.

The \Jarque-Bera" test [8],[11]-[13] usesa conbination of the P b, and b, statistics,

with the test statistic de ned as

4
P b2 , (i 3y
6 24

(83)

which is expectedto follow a standard chi-square distribution with two degreesof

freedom (i.e. equation (53) with A = % and N = 2). Thus the test hereis de ned
by

2 If J > y, reject the null hypothesis

2 QOtherwise accept

with Y setting the signi cance of the test through the chi-squaredcdf (equation (54)
with N = 2and A = ;). Tabulated valuesfor thesethreshold are available in [11];
in particular, the threshold value is 4:61 at a 10%false alarm rate, and 5:99 at a 5%
false alarm rate for in nite samplesize. Valuesfor other signi cance levels can be
read from Figure 1 using the mean and standard deviation valuesas 2 when using
the plot. A correctedtest for smaller samplesizesis descrited in [12).

The Jarque-Beratest appearsto have gainedwide acceptancean the literature, and
to provide competitive performancewith the Shapiro-Wilks test in most situations.
Thus further considerationof its performancefor RFI detection appearswarranted.
It is attractiv e in that the test statistic can be ewvaluated from knowledgeof the rst
through fourth non-cerral momerts (which canbe correctedto the certral momerts)

alone.
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